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Abstract. The mixed convection boundary-layer flow over a vertical surface with a prescribed surface heat flux is 
considered for both large and small values of the Prandtl number. The similarity equations are treated first. It is 
shown that, for large values of the Prandtl number, the solution approaches the forced convection limit with the free 
convection effects having only a small perturbation on this. The opposite is seen to be the case for small values of 
the Prandtl number, now free convection becomes the dominant heat transfer mechanism. A consequence of this is 
seen to be that the range of negative buoyancy parameter (opposed flow) over which a solution can exist decreases 
to zero as the Prandtl number is decreased. 

The scalings worked out for the similarity equations are then applied to the general boundary-layer flow, with the 
particular example of a uniform stream over a flat plate with uniform surface heat flux being treated in detail. Again 
it is seen that, for large Prandtl numbers, the solution approaches the forced convection limit whereas, for small 
Prandtl numbers, free convection dominates the flow. The effect of this is seen, for opposed flow, to delay the onset 
of separation for large Prandtl numbers, and to bring the separation point closer to the leading edge as the Prandtl 
number is decreased. An estimate for this effect is obtained. 

I.  Introduct ion 

The  i m p o r t a n c e  o f  the  P rand t l  n u m b e r  in d e t e r m i n i n g  the  na tu r e  o f  the  flow and  hea t  

t r ans fe r  in f ree  convec t ion  b o u n d a r y  layers  was r ecogn i sed  f rom the  ou t se t  [1, 2, 3]. 

C o n s e q u e n t l y  t he re  have  b e e n  severa l  s tudies  in which  this effect  has  b e e n  ana lysed  in s o m e  

deta i l .  Le fev re  [4] was the  first to wr i te  down  the  l ead ing  t e rms  of  the  i nne r  and  o u t e r  

expans ions  for  bo th  smal l  and  large  P rand t l  number s .  A t  the  same  t ime  a so lu t ion  for  large  

P rand t l  n u m b e r  was o b t a i n e d  by  S t ewar t son  and  Jones  [5] for  the  flow on an  i so the rma l  

ver t ica l  p la te .  T h e y  showed  tha t  in this  case  the  b o u n d a r y  l aye r  d iv ides  up  in to  two reg ions ;  

t he re  is an i nne r  r eg ion  in which the  t e m p e r a t u r e  dec rea se s  f rom its va lue  on  the  p la te  to  

tha t  of  the  a m b i e n t  fluid and  a much  th icke r  o u t e r  r eg ion  in which  the  fluid is at  its a m b i e n t  

t e m p e r a t u r e  and  which  is d r iven  by  the  flow in the  inner  reg ion .  This  w o r k  was l a t e r  

e x t e n d e d  by  K u i k e n  [6] and  E s h g h y  [7]. The  so lu t ion  in this l imit  when  a cons t an t  hea t  flux 

b o u n d a r y  cond i t i on  is app l i ed  has b e e n  t r e a t e d  by  R o y  [8]. 

A t  the  o t h e r  end  of  the  P rand t l  n u m b e r  r ange ,  K u i k e n  [9] has de r ived  the  so lu t ion  for  the  

f ree  convec t ion  b o u n d a r y  on  an  i so the rma l  ver t ica l  p la t e  val id  for  smal l  P rand t l  n u m b e r s .  

H e r e  the  b o u n d a r y  layer  aga in  d iv ides  up into  two reg ions ,  bu t  now the  inner  r eg ion  is, to  

l ead ing  o rde r ,  i so the rma l  (at the  same  t e m p e r a t u r e  as the  p la te)  with a th icker  o u t e r  r eg ion  

at  the  o u t e r  edge  of  which the  a m b i e n t  cond i t ions  are  a t t a ined .  This  w o r k  has  been  e x t e n d e d  

by M e r k i n  [10] for  the  case  o f  a p r e s c r i b e d  surface  hea t  flux b o u n d a r y  cond i t ion .  H e r e  the  

s i tua t ion  is bas ica l ly  the  s ame  as tha t  seen  in [9], t hough  the  scal ings for  the  two reg ions  a re  
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different and the temperature of the inner region is now determined through the matching 
with the outer region. 

The original work on mixed convection flows on vertical surfaces by Sparrow and Gregg 
[11], Szewczyk [12] and Merkin [13], for isothermal surfaces, and by Wilks [14, 15] for a 
uniform surface heat flux, established the basic flow structure by joining an essentially forced 
convection solution near the leading edge to an essentially free convection solution far 
downstream (for aiding flows) and by describing the nature of the boundary-layer separation 
(for opposing flows). This work concentrated on results for Prandtl numbers of order unity, 
with there being little previous work on describing the structure of these flows when the 
Prandtl number is either large or small. It is the purpose of this paper to consider this aspect 
in more detail. In particular we consider the mixed convection boundary-layer flow on a 
body with prescribed surface heat flux. We begin by discussing the similarity equations for 
this problem. These have been treated previously in some detail by Merkin and Mahmood 
[16] for Prandtl numbers of order unity. Here we examine the behaviour of their solution for 
both small and large Prandtl numbers. We find that in the large Prandtl number limit the 
flow approaches that for purely forced convection, with the effects of free convection being a 
small perturbation on this. For small Prandtl numbers the situation is reversed, now the 
leading order solution is the corresponding free convection flow with the contribution from 
the free stream being a perturbation on this. These ideas are then extended to general 
boundary-layer flows. As a particular example, we consider in detail the flow of a uniform 
free stream over a uniformly heated vertical plate; a problem which has been discussed for 
Prandtl numbers of order unity by Wilks [14, 15] and Hunt and Wilks [17]. Here we extend 
the results given in [14, 15] to both small and large Prandtl numbers. 

2. Equations 

The equations governing the steady two-dimensional mixed convection boundary-layer flow 
of a free stream /](£) over a vertical surface are 

Off 06 
+ -z=- = O, (la) 

oy 

Oti 0ti - dO 02/~ 
a ~ + ¢ ~ = g /3(~-  7~o) + u ~ + ~ a37~, 

(lb) 

o7 ~ a f  a@ 
a ~ + 6 - ~  = v&r 037-- 5 , (lc) 

where £ and )7 are co-ordinates along and normal to the body surface respectively with t~ and 
6 being the velocity components in the £ and 37 directions respectively. T is the temperature 
of the fluid with ambient temperature T 0, g is the acceleration due to gravity, /3 is the 
coefficient of thermal expansion, u is the kinematic viscosity and tr the Prandtl number. The 
boundary conditions to be applied are 

o P  
t / =  6 = o ,  k ~-ff = - ~ ( 2 )  o n  37 = 0 ,  (2a)  

if---* U(£),  T---~ T o as )7--> oo. (2b) 



M i x e d  convect ion on a vertical surface 

Equations (1) and (2) can be made non-dimensional by writing 
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K = Uou , v = Re-1/ZUov , 2 = lx , 

q0 Re-1/2T T - T o = - ~ l  , U = U o U ,  

17 = l Re 1/2y , 

= qoq , 

( 3 )  

where U 0 and q0 are scales for the free stream and prescribed wall heat flux respectively and l 
is a length scale for the body. Re is the Reynolds number, given by Re = Uol/v. Using (3) 
equations (1) become 

Ou Ov 
- -  + - -  = 0 ( 3 a )  
Ox Oy ' 

Ou au d U  02U 
u -~x + v -~y = a T + U -~x + Oy e ' ( 3 b )  

OT OT 1 o Z T  
- ( 3 c )  u ~ x  + v Oy o" b y  2 ' 

with boundary conditions (2) becoming 

OT 
u = v = 0 ,  Oy q(x)  o n y = 0 ,  (4) 

u--~ U(x)  , T---~O as y---~c~. (5) 

ot = gflqo 12 R e - 1 / 2 / ( k U  2) is the buoyancy parameter which can be written in terms of the 
Grashof number Gr = gf lqol4/ (kv  z) as a = Gr /Re  -5/2. 

Equations (3) admit a similarity solution if 

U ( x )  = x m , q ( x )  = x ( 5 m - 3 ) / 2  (6a) 

with then 

~J = x(m+l)/2f(~) , T = x 2 m - l o ( ~ )  , ~ = y x  1-2m (6b) 

where 0 is the stream function. Using (6a) and (6b), equations (4) become 

1 
f "  + aO + ~ (m + 1)ff"+ m ( 1 - f ' 2 )  = 0 ,  

0 " +  or -~ (m  + 1)fO' + ( 1 -  2 m ) f ' O  = O, 

(7a) 

(7b) 

with boundary conditions 

f(0) = 0,  f ' (0 )  = 0,  0'(0) = - 1 ,  f'----~ 1, 0--~0 as -0----~ ~ ,  (8) 

(primes denote differentiation with respect to ~7) Equations (7) have been discussed 
previously for values of the Prandtl number of order unity by Merkin and Mahmood [16]; in 
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fact in [16] results were given for o- = 1. Also, it was shown in [16] that equations (7) possess 
a solution only if m > ½, and we will assume throughout that this condition is satisfied. 

We start by considering the behaviour of the similarity equations (7) for both small and 
large values of o-. This gives us an insight into how a general boundary-layer flow, as given by 
equations (3), will behave for small and large Prandtl numbers, which we then discuss in 
relation to the specific example of a uniform stream with uniform surface heat flux. 

3. Similarity equations 

(a) Solution for large Prandtl number 

Here we expect the boundary layer to divide up into two regions, with a thin inner thermal 
region and an outer region at the same temperature as the ambient fluid and driven by the 
free stream flow. A balance of the terms in equation (7b) and boundary condition (8) then 
suggests that for the inner region we should put 

f= o-n-iF, 0 = O--"H, ~ = o - n ,  (9) 

for some constant n to be determined. Using (9), equation (7a) then reduces to F " =  0 (to 
1 2 leading order), giving F = ~ a0~" , for some constant a 0. This then gives f o f  O(o r3n-1) and as 

it is readily shown that the outer region is described in the terms of original variables, we 
must have n = 1. Hence the thin thermal layer has a thickness of 0 ( o  --1/3) and in it the fluid 
temperature is small, of O(o--1/3). These scalings for the mixed convection case (with a of 
O(1)) are different to those derived by Roy [8] for the corresponding free convection 
problem. 

To proceed we write, in the inner layer, 

f =  o-2/3F , 0 = o--1/3H , ~ = o-1/3r/, (10) 

with equations (7) becoming 

F" + o--1/3m + o--Z/3cen + o--l( 1 ) (m + 1)FF" - mE '2 = O, 

1 
H" + ~ (m + 1)FH' + (1 - 2 m ) F ' H = 0 ,  

with boundary conditions, 

( l l a )  

( l lb )  

F(0) = 0 ,  F '(0)  = 0 ,  H ' (0)  = - 1 .  (12) 

Primes now denote differentiation with respect to ~" and the outer boundary conditions are 
relaxed at this stage. 

Equation (11) suggests looking for a solution by expanding, 

F ( ~ ' ;  o-) = F0(~" ) + o " - l / 3 F l ( ~ "  ) -{- , .  • , ( 1 3 a )  

H(~'; o-) = H0(~" ) + o'-I/3HI(~" ) + ' ' ' ,  (13b) 



At leading order we obtain, 

Mbced convection on a vertical surface 169 

t t t  _ _  F o - 0 (14a) 

and hence, 

ao ~2 G = y  . (14b) 

Using (14b), we obtain from equation ( l lb ) ,  

1 
H~ + -~ (m + 1)ao~2Ho + (1 - 2m)ao~H o = 0.  (15) 

Equation (15) has a solution which can be expressed in terms of confluent hypergeometric 
functions [18] as 

2 ( 5 m -  1']'] 

( 5 m - 1 ]  2 . s  ) (16) 
ao(m + 1)/  ' ' 

where s = ~ao(m + l )~ 3. The arbitrary constant a 0 will be determined by the matching with 
the outer region. Note that (16) requires that a 0 be positive, which we will show to be the 
case for all m > 1. 

The solution can be extended to O(~-1/3),  at which stage we obtain 

t i t  F 1 + m = 0 ,  (17a) 

giving 

~.2 ~.3 
g 1 = a I --~ -- m -~- , (17b) 

for some further constant a 1. 
We can now turn to the outer region. Since the temperature, as given by (16), has 

exponential decay at the outer edge of the inner layer, (we can see that this will also be the 
case for the higher-order terms in expansion (13) for H),  this outer region will effectively be 
isothermal (at the same temperature as the ambient fluid) and will have f and ~/left unscaled. 
Hence the equation governing the outer region will be equation (7a), with the term aO put to 
zero. The boundary conditions are that 

f'---~ 1 as ~---~ ~ ,  (18a) 

and, from matching with the inner region, that 

T} Or_ 1 77 2 f -- ~12- m ~ + ' "  + /3(a 1 + . . . ) + . . .  (18b) 

for small 7). (18b) suggests looking for a solution by expanding, 
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f(n; = £ ( n )  +  -lJ3fl( ) + " .  (19) 

At leading order we obtain 

1 
f';' + ~ (m + 1)f0f ~ + m(1 - f;2) = 0 (20a) 

with 

a0  ,i) 2 f0 - -~ -  + ' " ,  for r / ~ l  and f~---~l as r / - --~.  (20b) 

The problem given by (20a, b) is just the Falkner-Skan problem for the free stream 
U(x) = x m, the solution of which, for a given value of m, determines the constant a 0. We also 
note that for the values of m being considered, i.e. m > ~, the solution of (20a, b) will have 
a o > 0 as required. Having obtained the leading-order solution, the higher-order terms in 
expansion (19) can then be computed. This need not be pursued any further here. 

From (10), (14b) and (16), we then have, for or >> 1, 

f " ( O )  = a 0 + 0 ( 0 " - 1 / 3 )  , ( 2 1 a )  

( F ( ~ )  F( 2 5 m - l )  1/3 ) 
1,3 m + l (  ) 0(0) = o- . (21b) 

ao(m + 1)  11m- , 
r~3(m + 1))  

To check the validity of this asymptotic solution, we calculated if(0) and 0(0) by numerically 
integrating equations (7) for increasing values of o- and compared these numerically 
determined values with the asymptotic forms (21). We took m - - ~  (corresponding to a 

__ 3 uniform wall heat flux) and values of a - - - 0 . 4 ,  1.0 and 5.0. Note that for m - 5 ,  
a 0 = 0.97532 and hence 

f"(0) = 0.9753 + . . . ,  0(0) = 1.5835o --I/3 + . . . .  (21c) 

Values of if(0) and 0(0) obtained by solving equations (7) numerically are shown in Figs 1 
and 2 respectively (by the full lines) and from the asymptotic forms (21c) (by the broken 
lines). These figures show that the above asymptotic values are approached for large or for 
the values of a chosen. 

We note also that i f(0)  approaches its asymptotic value from above for the positive values 
of o~ and from below for the negative values of a. This is to be expected, as for o~ > 0, free 
convection is aiding the boundary-layer development with a consequent increase in skin 
friction above the purely forced convection value (which is as shown above the large Prandtl 
number limit). For a < 0 the buoyancy forces oppose the boundary-layer development and 
hence reduce the skin friction below the forced convection value. The opposite is the case for 
the wall temperature. The increased flow rate close to the wall for a > 0 has the effect of 
reducing the temperature of the fluid close to the wall (for a given heat input through the 
wall) and hence the asymptotic value is approached from below. While, for a < 0, the fluid 
velocity near the wall is reduced, giving an increase in the wall temperature and conse- 
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Fig. 1. A plot off"(0) obtained from the numerical solution of equations (7) for m = 3/5 and a = -0.4, 1.0 and 5.0 
(shown by the full lines). The asymptotic result for large ~r, given by '(21c), is shown by the broken line. 
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Fig. 2. A plot of O(0) obtained from the numerical solution of equations (7) for m = 3/5 and a = -0.4, 1.0 and 5.0 
(shown by the full lines). The asymptotic result for large tr, given by (21c), is shown by the broken line. 

quent ly  the asymptot ic  ( forced convect ion)  limit is app roached  f rom above.  These  effects can 

be clearly seen also in the results p resen ted  in [16] for  the case when  or = 1. 

The  above  theory  has been  worked  ou t  on  the assumpt ion  that  a is of  0(1),  and has to be 

modif ied when a is large. F r o m  equat ion  ( l l a )  we can see that  the buoyancy  force term will 
affect the leading order  equa t ion  in the inner  region when  a is of  0(o '2/3) .  Then ,  put t ing 

a = a0 oy3 ,  where  a 0 is of  0(1) ,  equa t ion  ( l l a )  gives, at leading order ,  F~ + aoH o = O, 

which,  toge ther  with equa t ion  ( l l b ) ,  has to be solved,  now subject  to the condi t ion that  
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F~-->0 as ~'--->~. This system can then be rendered independent  of a o by the re-scaling 
1 / 5 ~  = - 1 / 5  Fo = a0 -0, H0 a0 1/5H0, ff = ao ~'. The outer  boundary condition has F 0 -  Co~aS g---> ~, 

for some constant C o indepenent  of a 0, thus requiring an outer  region in which f =  0.-1/6f, ,  
" 0 "  : O"-1/6"17 and 0 = 0. The resulting equation (when this transformation has been applied to 
equation (7a)), satisfying f*  "" 2/5,?~, '1'7" t~ oa 0 for ~ 1, can also be rendered independent  of a 0 
by the scaling f*  1 / 5  ~ ,  ~ *  m_ 1 / 5  , = a o J , a o "0 • Thus the free convection limit for large 0. can be 
obtained, wholly independent  of the parameter  a o. 

Now, to obtain the free convection limit from equations (7) we apply the transformation 
f =  a~/sf, 0 = a-~/50, ~ = a~/5~7 and then let a---~ oo in the resulting equations. However ,  if 
we write a 0 = a0. -2/3 in the above scalings for a and 0. large problem, we obtain, using (10), 
an inner region in which f is of 0(0.-4/5al/5),  0 is of O(0.-1/5a -~/5) with thickness of 
O(0"-~/5a-~/5) and an outer  region in which f is of 0(0.-3/1°a 1/5) with thickness of 

O(0.3/~0a-1/5). Thus, taken with the above transformation for a >> 1, the scalings for the free 
convection problem given by Roy [8] are recovered,  and the limit that a ~ 0.2/3 for the 

previous theory to be valid is obtained. 

(b)  Solution for  small Prandtl number 

The solution for the related free convection problem [10] suggests that for small Prandtl 
number  the boundary layer will again divide up into two regions, with there being an inner 
isothermal region next to the wall and an outer inviscid region. To obtain the scalings for the 
two regions we note that, for the inner region, the viscous, buoyancy and convective terms in 

equation (7a) must balance, suggesting that we write 

0.~b, 0 = 0 .  g ,  z =  0. ~7, f = r 4r r (22a) 

where ~b, g and r are all of O(1) in the inner layer and r has to be determined. Using (22a), 
equation (7b) reduces to g " =  0(0.)  and boundary condition (8) gives g ' (0)  = - 0  .-5' (primes 
now denote differentiation with respect to ~-). Then,  assuming for the moment  that r < 0 and 
- 5 r  < 1, we have g = b 0 - 0. 5% + . . . ,  for some constant b o. A further consideration of the 
transformed version of equation (7a) shows that,  to leading order,  

~b~ z a s z - - > ~ .  

To find the value of r we need to consider the outer region. The forms for f and g show 
that 0 is of O(o "4r) in this outer  region and we put 

f =  0 . ~  , 0 = 0 .4rG , Y = 0.~r/, (22b) 

for some constants y and 6 to be found. From the above, d p - 0 . 2 r - ~ - ' r y + . . . ,  G 
b0 _ 0.-4r-~y + . . .  for small Y, giving 6 + y = 2r and 6 = - 4 r .  The further requirement  that 
all the terms in equation (7b) should balance gives 3' + 1 = 3. From which it follows that 
r = - ~ o ,  6 = 2 a n d  3 ' = - 3 .  

The above discussion leads us to write, for the inner region, 

-l/10 0.-2/5g -1/10 (22C) f = 0 .  ~b, 0 =  , z = 0 .  ~7, 
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with equations (7) becoming 

1 
ok"+ ag + -~ (m + 1)~bth" - m~b '2 + mor 2/5 = 0 ,  (23a) 

(1 ) 
g " +  or ~ (m + 1)4~g' + (1 - 2m)4~'g = 0 ,  (23b) 

and boundary conditions (8) giving 

~(0) = 0 ,  ~ ' (0)  = 0 ,  g'(0) = _or~/2 (24) 

(The outer boundary conditions have to be relaxed at this stage.) 
The form of equations (23) and boundary conditions (24) suggests looking for a solution 

by expanding, 

~('/'; or) = (~)0(T) ÷ or2/5t~)I(T ) ÷ orl/2~2(T ) ÷ . - .  

g(T; or) = gO(Z) + orZ/Sgl('r ) + or1/2g2(~- ) + ' . . .  
(25) 

At leading order we obtain 

go = 0.  (26a) 

The solution satisfying (24) is 

go = b0, (26b) 

for some constant b 0 which will be determined by the matching with the outer region. 
Equation (23a) then gives 

ttt 1 
60 + abo + -~ (m + 1 )606~-  m6~ 2 = 0.  (27) 

Applying the transformation ~b 0 = (ctbo/m3)l/4qbo, ~-= (otbom)l/4~ - to equation (27) gives 

-,,, ( m + l ~  - -,, - 
t h o  + 1 + \ ~ / ~ b 0 ~ b  0 - ~b~ 2 = 0 (28) 

(primes denote differentiation with respect to ~:), and leaves the boundary conditions 
unchanged. Equation (28) is essentially the same as the leading-order equation for the inner 
region in the related free convection problem [10] with then, 

~0 - ~ + Co (29) 

as ~---~ ~. Equation (28) can now be solved numerically without needing the value of b 0. 
From [10] we have, for m = 3 (uniform plate temperature),  4~0(0)= 1.25913 and C O = 
-0.61782. 

Note that the transformation used to obtain this result requires a to be positive. We will 
return to this point later on, assuming for the present that a > 0. 
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A t  0(0" 2/5) we have, from equation (23b), 

g l  - o g ' , ( o )  = o ,  

with solution 

gl = bl , 

and at 0(0" 1/2 ) we have 

v t _ _  , g 2 - O  g~(O) = - 1 ,  

so that 

gl -- - , r  + b 2 

(30a) 

(30b) 

(31a) 

(31b) 

for c o n s t a n t s  b 1 and b 2. 

We now have sufficient information from the inner region to obtain the leading-order 
behaviour of the solution and we now turn to the outer  region, where,  as discussed above, 
we put 

f =  O'-3/5(I ) , 0 = 0--2/5G , Y = 0-2/5"0 , (32) 

with equations (7) becoming, 

1 
a G  + ~ (m + 1 ) ~ " -  m ~  'e + too- 2/5 + 0-dp" = 0 ,  (33a) 

1 
G " +  ~ (rn + 1 ) ~ G '  + (1 - 2m)d~'G = 0 (33b) 

(primes now denote differentiation with respect to Y). The outer  boundary conditions are 

G - * 0 ,  ~ ' - - * o  "1/5 as Y- - -~  (34a) 

and, on matching with the inner region, using (26b), (29), (30b) and (31b), that 

G -  b o -  Y + . . .  + 0"2/5(b I + . - - )  + . . . ,  (34b) 

qb-- Y + . - -  (34c) 

for Y ~  1. 
The leading-order terms (~0, Go) in an expansion in powers of o- then satisfy the 

equations 

1 
a G  o + ~ (m + 1)CI)oqb o - mqb~ 2 = 0 ,  (35a) 

1 
G o + ~ (m + 1)qboG o + (1 - 2 m ) G o ~  ~ = 0 (35b) 
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with 

G; - -+0 ,  ~;--+0 as Y--+~,  (36a) 

G 0 -  b 0 -  Y +  " "  , dP 0 ~ Y +  " " .  (36b) 

for Y ~ 1. The system given by (35) and (36) can be transformed into the same equations for 
the outer  region solved in [10] for the analogous free convection problem. To do this we put 

GO = o g - l / 5 d 0  ' iff~0 = O 1/51~0 , ~r= 1/5y, b 0 = o~-I/s/~ 0 . ( 3 7 )  

Equations (35) become 

1 
d 0 + ~ ( m + l ) ~ 0 c ~  0 - m ~ 0 2 = 0 ,  

1 
do + ~ (m + 1)~0G0 + (1 - 2m)~';G0 = 0 ,  

(38a) 

(38b) 

with the matching conditions (36) giving 

b 0 )  /2 
d o - 6 0 - ? + . . ,  ~ o -  m ? + . . .  (38c) 

for Y ~ 1. Equations (38) are now the same as those for which a numerical solution was 
given in [10], if we identify m with the parameter  A used in [10] via m = (2A + 3) /5  (or 
A = (5m - 3) /2 .  

The solution of (38) then determines the constant bo, where,  from [10], 6 o = 1.31411 and 
~o(~) = 1.37056 for m = 3. Note that the behaviour of D o for Y small involves a term of 
O ( Y  (Sm+l)/(m+l)) which, in turn, requires that the expansion in the inner region be modified 
to include a term of O(O'2m/(rn+l)). 

From the above, we have, for m = 3 (and then a = 1), 

f"(O) = (cebo)3/4m-1/4~);(O)o "-3/1° + . . . .  1.7559o --3/1° + - - - ,  (39a) 

0 ( 0 )  = b0 Or-2/5 + . . . .  1 . 3 1 4 1 o  " - 2 / s  + " ' "  . (39b) 

Graphs of f"(0)  and 0(0) obtained from numerical integrations of equations (7), with a = 1 
and m = 3, are shown in Figs 3 and 4 respectively (by the full lines) together with the 
corresponding asymptotic forms (39) (shown by the broken lines). Both of these figures show 
a good agreement between (39) and the numerically determined values and act as a 
confirmation of the above theory. 

It is interesting to note that the situation for mixed convection at small Prandtl number  is 
quite different to that at large Prandtl number.  In the latter case, the basic (leading order) 
solution is the purely forced convection solution, whereas in the former case, the leading- 
order solution is the purely free convection solution. The effect of the outer  flow first 
appears at O(o "I/5) through the outer  boundary condition (34a), giving rise to a velocity 
'overshoot '  at small Prandtl numbers of O(o--~/s). This can be seen in Fig. 5, where we plot 
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4 

f"(O) 
3 

1 
o.0 0'.2 0'.4 016 o'.8 1,0 

13 

Fig. 3. A plot ofF(O ) obtained from the numerical solution of equations (7) for m = 3/5 and a = 1 (shown by the 
full line). The asymptotic result for small o', as given by (39a), is shown by the broken line. 

6- 

5- 

4- 

o(o)  

3- 

2- 

I 
o.o o12 o14 o16 o18 1.o 

13 

Fig. 4. A plot of 0(0) obtained from the numerical solution of equations (7) for m = 3/5 and a = 1 (shown by the 
full line). The asymptotic result for small tr, as given by (39b), is shown by the broken line. 

f '  against r/ for  o- = 0 . 1 ,  0.05 and 0.02 (and a = 1, m = ~), ob ta ined  f rom the numerica l  

solut ion of  equat ions  (7). The  increasing ' ove r shoo t '  as o- is decreased  is clearly seen. 

The  above  analysis was worked  ou t  on the assumpt ion  that  a > 0. H e r e  we consider  the 

behav iour  of  the solut ion of  equa t ions  (7) for  bo th  a and or small. A cons idera t ion  of  these 

equat ions  for  a = 0 (when equa t ion  (7b) becomes  uncoup led  f rom equa t ion  (7a)) reveals that  

the scalings for  the inner  and ou te r  regions are different  in this case. N o w  there  is an inner  

region in which r / i s  left unscaled and 0 is of  O(cr -1/2) and an ou te r  region of  thickness of  
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0.05 

2.5- 

2.0: 

1 ,5  ¸ 

1.o ~ 

0.5- 

fl 

0.0 
0 2' 4 6' 8' 10 

Fig. 5. Plots off'(,/) obtained from the numerical solution of equations (7) for tr = 0.2, 0.1 and 0.05. 

O(O'--1/2), and in which 0 is again of O(o'-1/2). With a # 0  this structure will still hold 
provided a is of O(o'1/z). So to discuss the behaviour of equations (7) for both a and 0- small 
we put 

o~ = o ' l / Z / 3  , (40) 

where/3 is now of 0(1) .  
In the inner region we leave f and ~7 unsealed and write 

0 = 0--1/2p(r/) . (41) 

Equations (7) become, using (40), 

1 
f " ' + / 3 P +  ~ (m + 1)ff" + m(1 _ f , 2 )  = 0 ,  (42a) 

(1 ) 
F ' +  0" ~ (m + 1 ) f P '  + (1 - 2m)f'P = o ,  (42b) 

with boundary conditions (8) giving 

P'(0) = - 0  -1/2 (42c) 

The form of boundary condition (42c) suggests that we should look for a solution by 
expanding, 

f(,r/; 0-) = f0('r/) + 0-1/2fi(7/) + - . . ,  
(43) 

P(r/; o') = Po(r/) + ovl/2pI(~/) + ' ' ' .  
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At leading order we have 

t t _ _  , Po - 0 Po(0) = 0 (44) 

with solution, 

Po = Co, (45) 

for some constant C O to be determined. On using (45) in equation (42a) we get 

1 
f'~' + / 3 C  o + ~ (m + 1)fof o + m(1 _ f ; 2 )  = 0.  (46) 

Applying the transformation 

~I/4  
fo  = ~3Co+m) To, 

m 

/3C + m )  1/4 
= ~ m 77, (47) 

to equation (46) then gives 

-~tt 1 
fo  + ~ (m + 1 ) fo fo+  m ( 1 - f o  2) = 0  (48a) 

with boundary conditions, 

fo(0) = 0 ,  37'(0) = 0.  (48b) 

Equation (48) is just the Falkner-Skan problem for a given value of m and can be solved to 
give f~(0), which will be independent of both/3 and Co. As ~--~ ~, f0 -- ~ + 60 + ' " .  

At 0 (0  -1/2 ) we have 

e'~ = 0 ,  e'l(0) = - 1 ,  (49) 

with solution 

P1 = - ~  + C1 ' (50) 

Equation (42a) then gives 

,, 1 ,t ,, 
f i  + / 3 ( - r / +  C1) + ~ (m + 1)(for1 + f i fo )  - 2mfof~ = O. (51) 

A consideration of the behaviour of equation (51) for rt ~> 1 shows that 

~)1/2 ?2 1 
f l - - /3  /3Co+ ( 1 - 3 m )  + ' " '  m e 3 ,  

m r/2 log~ + - . .  m = - . 
f '  - ' 3 

( 5 2 )  
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We now turn to the outer region in which we put 
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f =  0"-1/2)( ,  0 = 0-1 /219,  ~ = 0 . 1 / 2 .  (53)  

When (53) is substituted into equations (7) and only the leading-order terms (for small 0-) 
retained, we obtain 

1 
/319 + ~ (m + 1)XX" + m(1 - X '2) = O, (54a) 

1 
19"+ ~ (m + 1)19' X + (1 - 2m)19X' = O. (54b) 

The boundary conditions to be applied are that 

X ' - -~I ,  19--.0 as ~--~oo, (55a) 

and, from matching with the inner region, that 

/3C o + m )  lie 
X -  m ~: + ' " '  19- C ° -  ~: + " "  (55b) 

for ~ ~ 1. (We note that, as in the previous case, there is also a term of O(~5/2) in (55b).) It 
is the solution of the problem given by equations (54) and boundary conditions (55) that 
determines the value of the constant C O for given values of m and/3. This has to be done 
numerically, and a graph of C O against /3 is shown in Fig. 6, where we can see that C O 
decreases as/3 is increased. 

The behaviour for/3 large can be obtained by putting 

,)( = /31/5~ , 19 = /3-1/5~ , ~ =  /31/5~ , C 0 = / 3 - 1 / 5 C  0 . (56)  

4 ~ 
Co+1 J .." 

3 

2 

0 , , 

-o5 o.o o5 i.o 1.5 a.o 

Fig. 6. Graphs of C o and ~Colm + I (as defined in (45)) for m =315. 
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Then, letting/3 ~ oo leads to 

1 
+ ~ (rn + 1) ,~"  - rn,~ '2 = 0 ,  

1 
~"+ ~ (m + 1)~13' + (1 - 2 m ) ~ '  = O, 

with 

(C0)  1/2- 

for small $, and 

(57a) 

(57b) 

13 = 6"o - g + . . .  (58)  

)(' =O(/3-2/5)-'--~0, ~--~0 as ~ - o ~ .  (59) 

The system given by (57), (58) and (59) is now the free convection problem, and using the 
results given previous by in [101, we have C0 = 1.31411 (for m = 3). Graphs of C O = 
1.31411/3-1/5 and/3(Co/m ) + 1 = 2.1902/34/5 are also shown in Fig. 6 (by the broken lines). 
This completes the discussion for the leading-order problem. 

From (41) and (47) we have 

f"(0) = / ~/3C° 
\3/4_ 

+ 1) f ~ ( O ) + . - -  (60a) 
m \ 

o(0 )  = + . . . ,  (60b) 

where f~(0) depends only on rn. A graph of f lCo/m + 1 (for m = 3) is also shown in Fig. 6. 
From this graph we can see that the expression 13 Co/m + 1 ~ 0 as/3 is decreased, becoming 
zero at/3 --- -0 .4 .  Hence, from (60a), f"(O) will also be zero at this value of/3, with the form 
of the transformation (47) suggesting that the solution cannot be continued beyond this 
point. 

However, we know from [16] that there is a value of a, as (say), which depends on o-, at 
which the solution terminates with f " ( 0 ) =  0 there. (In [16] we found two branches of 
solution in a~ < a < 0 for o" = 1.) To complete the discussion, we calculate the value of as for 
small ~r. To do this we have to solve equations (7), subject to boundary conditions (8) 
together with the extra condition that f"(0) = 0 at a = a s. As above we will have, 

1/2~ 
a s = ~r p~, (61) 

but the scalings for the inner region will be different to the small a case described above. To 
calculate these we note that, for ~7 "~ 1, 0 = do o'-l/z - 7/+ • • • ,  for some constant do. When 
this is substituted into equation (7a) we find we must have m + doffs = 0, and a balancing of 
buoyancy force (now proportional to o-1f2rl), convective and viscous terms leads us to write, 
for the inner region, 

f =  o'1/1°S , 0 = or-1/2Q , p = o ' l / l ° T ~  • (62) 

Equations (7) become, 
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fl, Q + m + 0.2/5 S"' + -~ (m + 1)SS" - mS '2 = 0 ,  (63a) 

(1 ) 
Q " +  0. ~ (m + 1 ) s e '  + (1 - 2m)S 'Q  = 0 ,  (63b) 

subject to the boundary conditions that,  

S(0) = 0 ,  S ' (0)  = 0 ,  S"(0) = 0 ,  Q ' (0)  = - 0.2,5 (64) 

The form of (64) suggest an expansion of the form 

S(p; 0.) = So(p) + 0.2/5S,(p) + . . . ,  Q(P; 0.) = ao(p)  + 0.2/SQ1(p) + ' " .  (65) 

At leading order,  we have 

Q~ = 0 ,  Q0(0) = 0 .  (66a) 

Hence,  

Qo = do , (66b) 

for some constant d o. Using this in equation (63a) gives, 

flsdo + m = 0 .  (67) 

At 0 ( 0  .2/5 ) we have 

Q~' = 0 ,  Q~(0) = - 1,  (68a) 

giving 

Q1 = -/9 + d 1 . (68b) 

Using (68b) in equation (63a) then gives 

1 
S' 0' + ~ (m + 1)SoS ~ - mSo 2 + [3s(-p + d l ) .  (69) 

This equation has to be solved subject to 

S0(0 ) = 0 ,  So(0 ) = 0 ,  S~(0) = 0 .  (70) 

However ,  it is the behaviour of the solution as p--> oo that we require. A consideration of 
equation (69) shows that 

S°--  3(5--m ~ 1) + ' " ,  as P - - * ~ .  (71) 

The scalings for the outer  region are the same as for the small a solution. These are given 
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Or, s 

0.2 0.4 0.6 0.8 1.0 

o.or~ . . . . .  

-0.2- " ' " ' - .  

-0.3 " ' " " - .  

-0.4 

-0.5 J 
Fig. 7. The bifurcation value as plotted against tr. The asymptotic result (61) for small tr, wi th /3  s = -0 .40256,  is 
shown by the broken line. 

by (53), with the resulting (leading order) equations again given by (54) (with/3s replaced by 
/3). The outer boundary conditions are still the same (given by (55a)), but now we have, for 
~ 1 ,  

__8/3 s \ 1 / 2  ) ~3/2  
19~ d 0 -  ~ + " ' ,  X 3(5-~m U 1) + " ' "  (72) 

The solution of the equations in the outer region, subject to (72), then determines the value 
of /3 s (and hence d o via (67)). Again this has to be done numerically and we find that 
/3 s = -0.40256 (for m = 3). The results are shown in Fig. 7, where we give a plot of a s 

against o- (for m = 3), shown by the full line. Here  o/s has been obtained from a numerical 
integration of the basic problem, i.e. equations (7) with o/ replaced by o/s and the extra 
boundary condition f"(0) = 0 applied. The result for o- = 1 was given in [16]. Also shown in 
Fig. 7 (by the broken line) is a graph of the asymptotic result o/s = -0.40256 0-1/2. This figure 
shows a good agreement between the two results for small 0-. Now, from [16], a solution of 
equation (7) exists only for o/>1 o/s and, as seen above, o/s---~ 0 like 0 "1/2 a s  0----~ 0. Hence the 
range of negative o/ (opposing flow) over which a solution to the similarity equations (7) 
exists decreases to zero as o'---~0. 

Finally, we can see that the solution obtained for o/ of O(1),  as 0/---~0, overlaps that 
obtained for o/ small as /3(= 0--1/20/)--")'O0. I f  we substitute o/=/30-1/2 and, from (37), 
/~0=o/-1/Sb0, (with t~ 0 given by (38)) into (39), we obtain f " ( O ) = / 3 3 / 5 ( b o /  

,,3/4 1 / 2 "/',eta-, 
m )  m q~o~O) + • • • and 0(0) =/~0/3-1/50--1/2 + . . . ,  which agree with the solution for/3 >> 1 
as given by (56), (57), (58) and (59). 

4. General boundary-layer flow 

Here we use the scalings derived above for the similarity equations (7) to discuss the nature 
of solutions of equations (3) for small and large values of 0-. We consider the flow of a 
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uniform stream over a vertical flat plate with a constant surface heat as a flux particular 
example. This problem has previously been discussed in some detail by Wilks [14, 15] and 
Hunt and Wilks [17] for Prandtl numbers of order unity. 

(a) Large Prandtl numbers 
The discussion in the previous section suggests that for this case we write 

I]t= or-2/3a~ t , T =  or-l/a0 , y = orl/3y (73) 

for the inner layer. Equations (3) then become 

03* + or_l/3u dU or_2/30,0 -l[tg~I/ 02~xt 0~xt 02%It ] 
Oy 3 ~ + + Or [ 3X Oy 2 OY Ox OYJ = 0,  (74a) 

020 O~ O0 O~ o~0 
aY~ + Ox OY OY 3x = 0 '  (74b) 

subject to boundary conditions 

3~ O0 
• = 0 ,  o Y - O '  OY - 1  on Y = O .  (75) 

Equation (74a) shows that to leading order 

1 
= ~ ao(x)Y 2 , (76) 

for some function ao(X ) to be determined. Equation (74b) then becomes, using (76), 

y2 O0 30 320 + ' aoY = 0  (77) 
Oy - - 5  a° 2 0 Y  ~x " 

Equation (77) is to be solved subject to boundary condition (75) and that 0 ~ 0 as Y---> ~. 
In the outer region we have 0 =- 0, and ~b and y are left unscaled, so that the solution is 

then given by equations (3a) and (3b). This is the forced flow solution for the particular 
outer flow U(x), as the matching with the inner region gives q~- aoY2/2 for y small. The 
solution of this boundary-layer problem for the given U(x) determines the function ao(X ) and 
we can then return to the inner region and complete the solution of equation (77). 

The boundary condition on Y = 0 appears to preclude us from transforming equation (77) 
into a simple heat conduction problem, as was done previously by Kuiken [19] for a similar 
problem. However, equation (77) has a simple solution when ao(X ) is given by ao(X ) = Ao xr 
for some power r. On writing 

0 = x(1-r)/3h(~),  ~ = Yx  (r-l)/3 (78) 

equation (77) reduces to the ordinary differential equation 

h"+ - ~  (r + 2)~'2h ' -  # ( 1 -  r)~h = 0 ,  O . 9  (79) 
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subject to the boundary conditions 

h '(0) = - 1 ,  h(~) = 0 .  (80) 

The solution of equation (79) can be written in terms of confluent hypergeometric functions 
[18] as 

2 2  w) h-3F( ) ((r+-2)A°/ e-WU(2+r'3' ' 

where w = (Ao/18)(r  + 2)~ 3. From (81) it then follows that the plate temperature T ,  is given 
by 

r( 2 )r( 1 ) 
(r -~ 2-) A o x(1 + " ' "  (82a) 

3r(2)r(3(2-+-8)) 

For the particular example of a uniform stream, 0 = xl/2f(~),  71 = Y [X1/2, where f satisfies 
1 2 the well-known Blasius equation. For 77 ~ 1, f -  ~A0~? + • • •, where A 0 = 0.33206, so that 

for y "~ 1, 0 - ½Aoy 2/xl/2 and hence ao(X ) = Ao x-1/2 
On using this in (82a) we find that, for this case, the plate temperature is given by 

1 ( 12 ~1,3 (r (1 /3 ) )2  . 2  -1,3 
rw= g ~00/ (r(2/3))2 x o" + . . . .  2.1567xl/2~r - 1 / 3 + ' ' ' .  (82b) 

To examine this problem further, we solved the governing equations numerically for a 
range of values of or. The equations for this case are [14, 15] 

+ 00  020 00  020 = 0 ,  (83a) 030 T + 
Oy 3 -- OX Oy 2 Oy OX Oy 

a2T + or = 0 (83b) 
Oy 2 Oy ay -~x ' 

subject to the boundary conditions that 

0 = 0 ,  --=00 0 ,  - - = - a T  1 o n y = 0 , "  --00-+1, T - + 0  a s y - + o o .  (84) 
Oy Oy Oy 

(the + sign in equation (83a) refers to the aiding case - buoyancy forces and flow in the same 
d i rec t ion-  and the - sign to the opposing case). As in [14, 15], to start the solution of 
equations (83)  at the leading edge x = 0, a transformation of variables is required, given by 

0 = x l / 2 f ( n ,  x ) ,  0 = x l / 2 h ( n ,  x ) ,  r / =  y / x  1/2 . (85) 
Transformation (85) was first applied to (83) and the resulting equations were then solved by 
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essentially the same method as described by Mahmood and Merkin [20]. The method is 
described fully in [20] and the details need not be repeated here. Care had to be taken to use 
a sufficiently small step length A~/in the r/-direction, as for the larger values of o-, the thermal 
layer became increasingly confined to a narrower region close to the plate (in line with the 
analysis described above). For  or = 1, a value of At/= 0.05 was found to give satisfactory 
accuracy (4 figures or better),  but this had to be reduced to A, /=  0.02 for o-= 100, (the 
largest value of 0- taken). 

The analysis presented above shows that as or is increased, the flow approaches the forced 
convection limit, which, in this case, is the Blasius boundary-layer solution. To show as 
clearly as possible that this is in fact the case, we have plotted a skin friction parameter  
C[ = xl/Z(o21]l/Oy2)y= 0 = (02f/c3rl2)n=o against x in Fig. 8 for the aiding case. The theory 

suggests that Ct--*  A 0 = 0.33206 for all x as 0---> ~, and we can see that this appears to be the 
case. All the curves start with C I = A 0 at x = 0, and become flatter for the larger values of 0-. 
Also, from (82), the plate temperature  To, is of 0 ( 0  --1/3) and to see how this behaves as 0- is 
increased, we have plotted x-1/Zo' l /3Toj = T(a)o~ against x for a range of values of or in Fig. 9. 

Again the above theory requires that these curves should become flatter, with T(")---~,o 2.1567 
for all x, as o- is increased. Again, we can see that this appears to be the case from the graphs 
given in Fig. 9. 

For large Prandtl number  the heat transfer mechanism is essentially by forced convection, 
with the heat supplied to the fluid through the plate having an increasingly less significant 
effect. This should manifest itself for the opposing case by delaying the onset of separation, 
and, to check that this is the case, we also obtained numerical solutions of equations (83) for 
the opposing case. The results are summarised in Fig. 10, where we give a plot of the 
separation point x s against o- (x s is where the skin friction becomes zero). 

We can consider equations (83) further and get an estimate for the values of x when the 
natural convective effects will start to influence the flow. To do this we now have to scale x, 
and, on writing ~ = 0-rx, a balancing of terms in equation (83a) and boundary condition (84) 

3.0- 

2.5- 1 

2.0- 

1.5- 
Cf 10 

1.0- 

0.5- 

0.0 o.o o.'5 i'.o i'.5 2.'o 
X 

Fig. 8. The skin friction parameter C t = X1/2(oZo/tgy2)y=O , obtained from the numerical solution of equations (83) 
for the aiding case, plotted against x, for o- = 1, 10, 100. 
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1.0 
0.0 0.'5 1'.0 115 2.'0 

x 

Fig. 9. The modified plate tempera ture  T~ a) = 1/3 -1/2 tr x T~, obtained from the numerical  solution of equat ions (83) 
for the aiding case, plotted against x, for tr = 1, 10, 100. 

x s 

0.3- 

0.2- 

0.1 

0.0 
0.0 01s 110 1.'s a.0 a'.s 

Fig. 10. The separat ion point  x, obtained from the numerical  solution of equat ions  (83) for the  opposing case 
(shown by • ). The  es t imated form (91) for small ¢ is shown by the full line. 

requires that for the inner region we put 

ql = o'-4(1+~)/5~, T = o'-O+~)/ST, 37 = o'(l+O/Sy. (86a) 

At the outer  edge of this inner region, q J -  a0(£)37, /~---~ 0. In the outer  region, where the 
buoyancy force term is to be neglected, a balancing of convective and viscous terms, as well 
as boundary condition (84), suggests that we put 

~b = o - - ' / 2~ ,  I ~ = o"/2y. (86b) 
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The matching requirement on tO then gives r = - 1 ,  and hence, for the buoyancy force to 
have an influence, at leading order, on the flow, we must scale x by 

£ =  0 - - - l x .  (87) 

With this scaling for x, (86a) shows that the inner region is left unscaled, while in the outer 
region to is 0(0- 1/2) and y is O(0-1/2). Also, it is worth noting that with this scaling for x 
applied to the transformation of variables (6b) to obtain the similarity equations (7), for 
m = 3, we obtain the scalings for the inner and outer regions given originally by Roy [8] for 
the high Prandtl number limit. (87) shows that the effect of the buoyancy forces will be felt 
only when x is of O(0-), so that, although for the aiding case natural convection will be the 
dominant heat transfer mechanism well downstream from the leading edge, this will come 
into play at increasingly longer distances downstream as or is increased. (87) also suggests 
that, for the opposing case, the onset of separation will become increasingly delayed as 0- is 
increased, as is seen in Fig. 10. 

(b)  Smal l  Prandt l  numbers  

Here we are able to get less detailed information for the general boundary-layer flow than is 
possible for the high Prandtl number limit. The scalings implied by (22c), when applied to 
the boundary-layer equations (3), lead to an inner region in which 

T =  Bo(X)0- - 2 / 5 -  y + "'" , (88) 

with the momentum equation involving the unknown function Bo(x  ) (but not the free stream 
U(x) ,  to leading order). The scalings for the outer region are again suggested by (32), which 
gives natural convection equations analogous to equation (33) to leading order in this outer 
region, with the pressure gradient term of 0 ( 0  -2/5 ) and the free stream of O(0-1/5). There is 
no simple solution possible for the equations in either the inner or the outer region, even for 
the uniform stream with uniform surface heat flux, as there was for the high Prandtl number 
case, and the full partial differential equations would have to be solved numerically. This is 
not pursued any further here. 

However, we do note that the effect of reducing the Prandtl number is to enhance the 
effect of the buoyancy forces. This can be seen from Figs 11 and 12 where we plot C r (as 

1/2  2 / 5,-~ defined earlier) and a wall temperature parameter T (b) = x 0- 1o~ for 0- = 0.05, 0.1 0.2 co 

and 1.0 obtained from the numerical solution of equations (83), as described earlier. In both 
cases the gradients of the curves increase as 0- is decreased, showing that the influence of the 
buoyancy forces is felt closer to the leading edge the smaller the value of 0-. This effect of the 
increased influence of the buoyancy forces for small 0- is also shown, for the opposing case, 
by the separation point x s being moved closer to the leading edge. This can be seen clearly in 
Fig. 10. 

Again we can get some estimate for the scale over which the initial forced convection 
behaviour will hold, as this must be a form of solution close to the leading edge, even for 
small 0-. To do this we carry out a scaling analysis as described above for the high Prandtl 
number case. A balance of convective, buoyancy and viscous terms in equation (83a) 
suggests that, for the inner region, we write 
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C xl,~.a~_la 2, Fig.  11. T h e  skin friction parameter  I = I tu Y )y=0, obtained from the solution of equat ions  (83) for the  
aiding case, plotted against x, for ~r = 1, 0.2, 0.1 and 0.05. 
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Fig.  12. The modified wall tempera ture  T~ b) -lJ~ 2/5 = x tr T=, obtained from the numerical  solution of equat ions  (83) 
for the aiding case, plotted against x, for tr = 1, 0.2, 0.1 and 0.05. 

= o 'S- '~ ,  T = o-4'-'1 b , )7 = tr2y,  (89a) 

where we have assumed a scaling for x as E = o-tx. In the outer  region we must have T again 
of O(tr4s- ') ,  and a balancing of all terms in equation (83b) and the convective and buoyancy 
force terms in equation (83a), suggests that for the outer region we write 

I~ = O' (2s -2 t - -1 ) /2~I ' t  , T = c r 4 s - t o  , ~z = o . ( 2 s + l ) / 2 y  . (89b) 

The requirement that Oq~lOy be of 0 ( 1 )  in the outer  region, and the matching with the inner 
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region, where T = 0-4'-'(C0(x ) - 0-t-asy + . . . ) ,  then gives t = 2s and 2t = 10s + 1. Hence 
t = - 1, (and s = - ~), giving a scaling for x as 

= 0"-1/3X. (90) 

(90) shows that the initial forced convection solution will be confined to a region of 
streamwise extent of 0(0-1/3) near the leading edge for small 0". It also suggests that the 
separation point x, will move towards the leading edge with 

x ,  ~ C o  "1/3 , (91) 

for 0" ~ 1 where C is a constant. The value for C can be estimated from the numerical results, 
and a value of C = 0 . 2 1  is indicated. A graph of this is shown in Fig. 10, showing a 
reasonable agreement between the calculated and estimated values (from (91)) to moderate- 
ly large values of 0". 

5. Conclusion 

We have considered the mixed convection boundary-layer flow over a vertical surface with a 
prescribed surface heat flux for both large and small values of the Prandtl number. The 
similarity equations for this problem were treated in some detail first. These showed that for 
large Prandtl numbers, the heat transfer is dominated by forced convection, whereas the 
opposite applies for low Prandtl numbers, as now it is free convection which is the dominant 
heat transfer process. This is, perhaps, to be expected as the Prandtl number is the ratio of 
the kinematic viscosity to the thermometric conductivity. A high value for the Prandtl 
number corresponds to a much smaller value for the thermometric conductivity in relation to 
the kinematic viscosity (though both will have to be small for a boundary-layer flow to be 
established), with the consequence that the heat transfer from the plate will have only a 
weak effect. The opposite is true for low values of the Prandtl number, now the heat transfer 
from the plate becomes the most important mechanism. The buoyancy parameter a can, 
however, affect this picture and estimates on a have been obtained. In the large Prandtl 
number range, buoyancy forces alter the leading-order behaviour when t~ is large, of  
0(0"2/3), while in the small Prandtl number region, forced convection effects become 
important at leading order when a is small, of O(0-1/2). A further consequence of this is that 
the range of negative buoyancy parameter (opposed flow) over which a solution can exist 
decreases (like 0-1/2) as 0----~0. 

The detailed scalings derived for the similarity equations were then used to discuss the 
behaviour of the solution of the general mixed convection boundary-layer equations for large 
and small Prandtl numbers, with the particular example of the uniform flow over a vertical 
fiat plate with uniform surface heat flux being treated in detail. For the streamwise 
co-ordinate x of O(1), the solution approaches the corresponding forced convection limit as 
0---. 0% whereas the solution is dominated by free convection as or---> 0. We then showed that 
heat transfer from the plate becomes important when x is of 0(0-) for 0- -> 1, and that the 
initial forced convection solution holds only for x of 0(0-1/3) for o- ~ 1. This effect is seen in 
the opposing case as delaying the onset of separation for large 0-, while the separation point 
is moved closer to the leading edge for small 0". 
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